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Abstract. Linearization methods are customarily adopted in sampling surveys to obtain
approximated variance formulae for estimators of nonlinear functions of finite-population totals -
such as ratios, correlation coefficients or measures of income inequality - which can be usually
rephrased in terms of statistical functionals. In the present paper, by considering the Deville’s
(1999) approach stemming on the concept of design-based influence curve, we provide a general
result for linearizing large families of inequality indexes. As an example, the achievement is
applied to the Gini , the Amato, the Zenga and the Atkinson indexes, respectively.
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1. Introduction. Under the usual design-based approach, let  be a fixed population of identifiableY
individuals labeled (at least ideally) by the first  integers,  , and let  be theR Y œ Ö"ßá ßR× Ci.e. 3
variable value on the individual. In this setting, Deville (1999) has considered the discrete3-th 
measure on ‘
Q œ
3−Y
C$ 3  ,
where  represents the Dirac mass at . Deville (1999) has emphasized that the target population$C C
parameter may be generally written as a functional  with respect to , namely . In thisJ Q JÐQÑ
case, by supposing that  first- a sample  of size  is selected from  according to a design withW 8 Y
order and second-order inclusion probabilities respectively given by  and , t1 13 34 he empirical
measure corresponding to  is given byQ
Q œs 
3−W 3
C
"
1 $ 3
and the substitution estimator for  may be obtained as JÐQÑ JÐQÑ Js . If  is homogeneous of degree
α, under broad assumptions Deville (1999) has proven the linearization
  8R ÐJÐQÑ  JÐQÑÑ œ 8R Ð  9 Ð"Ñs  :α α IFJ Ð?àQÑd  ,Q QÑÐ?Ñs
where
IFJ ?>Ä!Ð?àQÑ œ ÐJÐQ  > Ñ  JÐQÑÑ
"
>lim $
is the influence function in the design-based approach (see also Goga , 2009). From aet al.
mathematical perspective, IF  is actually the Gâteaux differential of  in the directionJ Ð?àQÑ JÐQÑ
of the Dirac mass at . Hence, the role of IF  is central, expecially with the aim of variance? Ð?àQÑJ
estimation for the empirical functional .JÐQÑs  (Deville, 1999)
In this setting, let us consider the functional which may be expressed as
JÐQÑ œ ÐP ÐQÑÑ QÐCÑ <C C d  , (1)
where  is a vector of functionals (eventually) indexed by  andP ÐQÑ œ ÐP ÐQÑßá ßP ÐQÑÑ CC "ßC 5ßC T
< ‘ ‘C 5À È C is a function family assumed to be differentiable and regularly indexed by . The
inequality measures commonly considered in practice are members of the functional family , orJ
may be expressed at most as  where  is a smooth function - in: : : ‘ ‘ÐJ ÐQÑÑ œ Ð ‰ J ÑÐQÑ À È
the next Section some illustrative examples are providedÞ
In order to obtain the linearization of the functional  defined in expression (1), the followingJ
results are useful. Lemma 1 is introduced for the sake of completeness, since its proof (and the
connected assumptions) are not usually reported in statistical literature in its precise version. For
more details on Gâteaux and Fréchet differentiability, see  Behmardi and Nayeri (2008) and thee.g.
references therein.
Lemma 1. If  is a vector of functionals and  is aPÐQÑ œ ÐP ÐQÑßá ßP ÐQÑÑ" 5 T 9 ‘ ‘À È5
differentiable function, let us consider the functional . By assuming that9 9ÐPÐQÑÑ œ Ð ‰ PÑÐQÑ
P 4 Ð ‰ PÑ4 is Fréchet differentiable for each , the influence function of  is given by9
IF IF  9‰P PÐ?àQÑ œ f ÐPÐQÑÑ Ð?àQÑ9 T ,
where .IF IF IFP P PÐ?àQÑ œ Ð Ð?àQÑßá ß Ð?àQÑÑ" 5 T
Proof. By Peano's form of Taylor's formula it holds
9 $ 9 9 $
$
ÐPÐQ  > ÑÑ œ ÐPÐQÑÑ  f ÐPÐQÑÑ ÐPÐQ  > Ñ  PÐQÑÑ
 9ÐmPÐQ  > Ñ  PÐQÑmÑ
? ?
?
T
and, since , by definition it follows that9ÐmPÐQ  > Ñ  PÐQÑmÑ œ 9Ð>Ñ$?
IF
IF
9‰PÐ?àQÑ œ Ð ÐQ  > ÑÑ  ÐQÑÑÑ
"
>
œ Ðf ÐPÐQÑÑ ÐPÐQ  > Ñ  PÐQÑÑ  9Ð>ÑÑ">
œ f ÐPÐQÑÑ ÐPÐQ  > Ñ  PÐQÑÑ œ f ÐPÐQÑÑ Ð?">
lim
lim
lim
>Ä! ?
>Ä! ?
>Ä! ? P
9 9ÐP ÐP$
9 $
9 $ 9
T
T T àQÑ
since  is assumed to be Fréchet differentiable.P 
Proposition 1. Let  be the functional defined in (1). If  is Fréchet differentiable for each ,J P 44ßC
the influence function of  is given byJ
IF IF dJ ? ? C C PÐ?àQÑ œ ÐP ÐQÑÑ  f ÐP ÐQÑÑ Ð?àQÑ QÐCÑ< < T C  ,
where IF IF IF .P P PC "ßC 5ßCÐ?àQÑ œ Ð Ð?àQÑßá ß Ð?àQÑÑT
Proof. By definition it holds
IF
d d
d
J ?>Ä!
>Ä! C ? ? C
>Ä! C ? C
Ð?àQÑ œ ÐJÐQ  > Ñ  JÐQÑÑ">
œ Ð ÐP ÐQ  > ÑÑ ÐQ  > ÑÐCÑ  ÐP ÐQÑÑ QÐCÑÑ">
œ Ð ÐP ÐQ  > ÑÑ  ÐP ÐQÑÑÑ QÐCÑ ">
lim
lim
lim lim
$
< $ $ <
< $ <
 

C C
C C >Ä! ? ? ?
< $ÐP ÐQ  > ÑÑ .
For a fixed , we have?
lim
>Ä! ? ? ? ? ?
< $ <ÐP ÐQ  > ÑÑ œ ÐP ÐQÑÑ , 
and, since  is continuously indexed by , it reads<C C
IF d
IF d  ,
J C ? C ?>Ä!
C P ?
Ð?àQÑ œ Ð ÐP ÐQ  > ÑÑ  ÐP ÐQÑÑÑ QÐCÑ  ÐP ÐQÑÑ">
œ f ÐP ÐQÑÑ Ð?àQÑ QÐCÑ  ÐP ÐQÑÑ


lim < $ < <
< <
C C ?
C ?
T
C
on the basis of the differentiability of  and Lemma 1. <C 
Hence, Proposition 1 provides a simple rule for obtaining the influence function corresponding
to the functional (1). Finally, it should be remarked that, by means of Lemma 1, the influence
function of  also follows, Ð ‰ J Ñ: i.e.
IF IF  ,:‰J JwÐ?àQÑ œ ÐJÑ Ð?àQÑ:
by assuming that  be differentiable.:
2. Application to some inequality indexes. We show the usefulness of Proposition 1 for the
linearization of some inequality measures commonly adopted in practice (for a general treatment of
inequality indexes, see the classical monograph by Cowell, 2011). As a first example, the
celebrated concentration index is considered. In this setting,  haveLangel and Tillé (2012a)
provided the expression of the influence function by developing an differential rule. Thead hoc 
same result may be simply achieved by using Proposition 1. Indeed, the finite-population version of
the concentration index (see  may be expressed as the functionale.g. Berger, 2008) 
KÐQÑ œ  " #CL ÐQÑRÐQÑXÐQÑ QÐCÑC d  ,
where
RÐQÑ œ  dQÐBÑ
is actually the population size  rephrased as a functional andR
XÐQÑ œ  B QÐBÑd
is the population total. In addition, by assuming that M FF  is the usual indicator function of a set ,
L Ð CÑC QÑ œ M Ð QÐBÑ ÒBß∞Ò d
actually represents the number of individuals whose variable value is less than or equal to a given
C. In the following, we also assume that
O Ð œ BÑC QÑ BM Ð QÐBÑ ÒCß∞Ò d  ,
which obviously turns out to be the total of the variable values greater than or equal to a given .C
Hence, in this case we have P ÐQÑ œ Ð ß ß X ÐQÑÑC L Ð RÐQÑC QÑ T, while
<C CÐP ÐQÑÑ #CRÐQÑXÐQÑœ
QÑL ÐC
and  Thus:ÐJ Ñ œ J  "Þ , with a slight abuse in notation,  by suppressing the argument of thei.e.
functionals for the sake of simplicity, it holds that
f ÐP ÐQÑÑ œ "ß  ß #CRX R X<C C  L LC C T
and IFPCÐ?àQÑ œ ÐM ÐÒ?ß∞Ò CÑß "ß ?ÑT. Hence, by applying Proposition 1, after some algebra it
follows that
IFKÐ?àQÑ œ Ð?  Ñ  ÐK  "Ñ 
# " ?
RX R XL O? ?   ,
which coincides with the expression given by Langel and Tillé (2012a).
As a second example  we consider the Amato index, which has recently received renewed,
interest for its properties (Arnold, 2012). The influence function for the Amato index is not
available in literature. To this aim, on the basis of the continuous-population expression of the
Amato index (Arnold, 2012), the finite-population counterpart of this inequality measure may be
given as the functional
EÐQÑ œ  QÐCÑ" CRÐQÑ XÐQÑ  # ## d  .
Hence, in this case P ÐQÑ œ Ð ß X ÐQÑÑC RÐQÑ T, while
<C CÐP ÐQÑÑ œ " CRÐQÑ XÐQÑ # ##
and, trivially, . :ÐJ Ñ œ J By adopting the same notational simplification as above and by assuming
that  is the population mean, it holds that. œ XÎR
f ÐP ÐQÑÑ œ  ß " CR X<C $ $
#
C
X
 C.# #  T
and IFPCÐ?àQÑ œ Ð"ß ?ÑT. Hence, by applying Proposition 1, it turns out that
IFEÐ?àQÑ œ  ?  QÐCÑ  QÐCÑ
" " ? C
X R X C  C
   . . . .# # # ## # # ##d d  .
As a third example  we consider an inequality measure recently proposed by Zenga (2007) - , the
so-called Zenga new index - Langel and Tillé,which has received considerable attention (see e.g. 
2012b). Langel and Tillé (2012b) have introduced the finite-population version of the Zenga new
index based on smoothed quantiles and have provided the linearization of the corresponding
functional. However, by considering the continuous-population expression as proposed by Zenga
(2007, expression (5.6) in his paper), the “natural” finite-population counterpart of the Zenga new
index may be given as the functional
^ÐQÑ œ "  QÐCÑÐRÐQÑ  QÑ ÐXÐQÑ  QÑRÐQÑ QÑ QÑ L Ð O ÐL Ð O ÐC CC CÑ Ñ d  .
Hence, in this case P ÐQÑ œ ÐL ÐQÑßO ÐQÑß ß X ÐQÑÑC C C RÐQÑ T, while
<C CÐP ÐQÑÑ Ñ Ñœ ÐRÐQÑ  QÑ ÐXÐQÑ  QÑRÐQÑ QÑ QÑ
L Ð O Ð
L Ð O Ð
C C
C C
and  :ÐJ Ñ œ "  J Þ By adopting in turn the same notational simplification for the argument of the
functionals, it holds that
f ÐP ÐQÑÑ œ  ß  ß ßX  ÐR Ñ RR R<
.
C #C  O L X O LL O L O O L OC C C CC C# #C C C C C
T
and IFPCÐ?àQÑ œ ÐM Ð M ÐÒ?ß∞Ò Ò?ß∞ÒCÑß ? CÑß "ß ?ÑT, from which it follows that
IF d
d d
d  .
^ #
#
Ð?àQÑ œ  QÐCÑÑÐX  ÐX  Ñ
 ? QÐCÑ  QÐCÑR Ñ "R
X 
 QÐCÑ?R
R
ÐR 
R 
M Ð
M Ð
L O Ñ
L O L O
CÑ O
CÑÐ L
L O O
O
L
L O
? ?
? ? C
C
C
C
C CC
#
C
C
C C

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
Ò?ß∞Ò
Ò?ß∞Ò.
For the final example, the Atkinson index is assumed. The finite-population counterpart of this
inequality measure may be expressed as the functional
E ÐQÑ œ "  QÐCÑCRÐQÑ XÐQÑ%
%
% %
%  " " "ÎÐ" Ñd  ,
where . Hence, in this case % − Ò!ß "Ò RÐQÑP ÐQÑ œ Ð ß X ÐQÑÑC >, while
<C CÐP ÐQÑÑ œ CRÐQÑ XÐQÑ
"
"
%
% %
and . :ÐJ Ñ œ "  J"ÎÐ" Ñ% Hence, with the usual notational simplification for the argument of the
functionals, it holds that
f ÐP ÐQÑÑ œ  ß C " R X R X<
% %
C
"
"C
%
% %  T
and IFPCÐ?àQÑ œ Ð"ß ?ÑT. By applying Proposition 1 and after some algebra, it follows
IFE%Ð?àQÑ  
?
" œ 
"  E ?
R Ð"  Ñ
% %
% " "% . . %%  ,
where d  represents the -th population moment..< "œ R QÐCÑ < C<
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